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In this paper, we prove a generalization of Aczél’s inequality. The obtained inequalities
extend some results established recently. We also give some comments on a recent result
concerning the refinements of the generalized Aczél–Popoviciu’s inequality.
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1. Introduction
In recent years, Aczél’s inequality and its variants have attracted considerable attention from different researchers [1–7].
The inequality originally proved by Aczél can be traced back to 1956 and is stated as
a21 −
n−
i=2
a2i

b21 −
n−
i=2
b2i

≤

a1b1 −
n−
i=2
a2i b
2
i
2
,
where ai, bi (i = 1, . . . , n) are positive numbers such that a21 −
∑n
i=2 a
2
i > 0 or b
2
1 −
∑n
i=2 b
2
i > 0.
Asmentioned above, many generalizations of Aczél’s inequality have been given recently. Here, we list two results which
are closely related to this paper. In [5], Wu and Debnath generalize Aczél’s type inequality to the difference between the
first k terms and the remaining terms. This result is further generalized by Hu and Xu [6]. Namely, the following is obtained:
Let n,m be positive integers and pj > 0, aij (i = 1, 2, . . . , n; j = 1, 2, . . . ,m) be nonnegative numbers. For a positive
integer k (1 ≤ k < n) such that∑ki=1 apjij −∑ni=k+1 apjij > 0 for j = 1, 2, . . . ,m, if the sequences are arranged such that
a1j ≤ a2j ≤ · · · ≤ akj (or a1j ≥ a2j ≥ · · · ≥ akj) for all j, then the following inequality holds
m∏
j=1

k−
i=1
a
pj
ij −
n−
i=k+1
a
pj
ij
 1
pj
≤ min{C1, C2}
k−
i=1
m∏
j=1
aij −
n−
i=k+1
m∏
j=1
aij, (1)
where Cl = (n− k+ 1)1−min{
∑m
j=1 p−1j ,1}Kl (l = 1, 2)with
K1 = k
ρ−min{(
m∑
j=1
pj)−1,1}
, K2 = k
ρ−
m∑
j=1
min{p−1j ,1}+m−1
. (2)
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In another paper, Wu [4] shows that Aczél’s type inequality still holds if one additional term is subtracted from the right
hand side of the inequality. That is, the following inequality is obtained.
Let p1, p2, . . . , pm be positive real numbers such that ρ = 1p1 + 1p2 + · · · + 1pm ≥ 1, and let aij > 0, a
pj
1j −
∑n
i=2 a
pj
ij > 0
(i = 1, 2, . . . , n, j = 1, 2, . . . ,m). Then the following holds:
m∏
j=1

a
pj
1j −
n−
i=2
a
pj
ij
 1
pj
≤
1− 1η −1≤ℓ<j≤m

n∑
i=2
a
pj
ij
a
pj
1j
−
n∑
i=2
apℓiℓ
apℓ1ℓ

2 m∏j=1 a1j −
n−
i=2
m∏
j=1
aij (3)
where η = (m− 1)max{p1, p2, . . . , pm,m/2}.
For ρ < 1, a similar inequality is obtained:
m∏
j=1

a
pj
1j −
n−
i=2
a
pj
ij
 1
pj
≤
1− 1η′ −1≤ℓ<j≤m

n∑
i=2
a
pj
ij
a
pj
1j
−
n∑
i=2
apℓiℓ
apℓ1ℓ

2 n1−ρ m∏j=1 a1j −
n−
i=2
m∏
j=1
aij, (4)
where η′ = m2(m+ 1)−1 max p1, . . . , pm, (1− ρ)−1.
In this paper, we extend (3) and (4) to the difference between the first k terms and the remaining terms in the same spirit
as (1).
Another problem with which we are concerned is the refinement of inequalities. For example, the following refinement
of Aczél’s inequality holds (See [3]).
a21 −
n−
k=1
a2k

b21 −
n−
k=2
b2k

≤ R(a, b) ≤

a1b1 −
n−
k=2
akbk
2
, (5)
where
R(a, b) =
a21 − j−
k=2
a2k
1/2 
b21 −
j−
k=1
b2k
1/2
−
n−
k=j+1
akbk
2 .
Refinements of this kind for (3) and (4) were given recently in [7]. However, we find that there is a technical problem in the
deduction. We report this problem in Section 4.
This paper is organized as follows. A few lemmas are stated and proved in the next section. In Section 3, we use these
lemmas to prove the main results. Some remarks on a recent result are given in the last section.
2. Some lemmas
We need the following lemmas in our deduction.
Lemma 1 ([8] Generalized Hölder’s Inequality). Let aij > 0, λj ≥ 0 (i = 1, 2, . . . , n, j = 1, 2, . . . ,m), and λ1+λ2+· · ·+λm
≥ 1. Then
m∏
j=1

n−
i=1
aij
λj
≥
n−
i=1
m∏
j=1
a
λj
ij . 
Lemma 2 ([4]). Let 0 ≤ x < 1, α > 0. Then
(1− x) 1α ≤ 1− x
max{α, 1} . 
Lemma 3 ([4]). Let a1, a2, . . . , am be real numbers, and let m be a natural number and m ≥ 2. Then
m−
j=1
a2j ≥
1
m
−
j<k≤m
(aj − ak)2. 
We are now ready to give a lemma which is a revised version of a lemma in [4] and constitutes the main ingredient for
the proof of our main result.
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Lemma 4. Let pj (j = 1, 2, . . . ,m) be positive numbers such that ρ = 1p1+ 1p2+· · ·+ 1pm ≥ 1 and 0 < xj < 1 (j = 1, 2, . . . ,m).
We have
m∏
j=1
xj +
m∏
j=1

1− xpjj
 1
pj ≤ 1−max{S1, S2},
where
S1 =
−
1≤i<j≤m
1
(m− 1)max{pj,m/2}

xpii − xpjj
2
,
S2 =
−
1≤i<j≤m
1
(m− 1)max{pi,m/2}

xpii − xpjj
2
.
Proof. As in [4], by applying Lemma 1, we have∏
1≤i<j≤m
[
(x
pj
j + (1− xpii ))
1
(m−1)pj (xpii + (1− xpjj ))
1
(m−1)pj

xpii +

1− xpii
 1
(m−1)pi −
1
(m−1)pj
]
≥
∏
1≤i<j≤m

x
1
m−1
j x
pi
(m−1)pj
i x
1
m−1−
pi
(m−1)pj
i

+
∏
1≤i<j≤m
[
(1− xpii )
1
(m−1)pj (1− xpjj )x
1
(m−1)pj (1− xpii )
1
(m−1)pi −
1
(m−1)pj
]
=
m∏
j=1
xj +
m∏
j=1

1− xpjj
 1
pj
.
On the other hand, by Lemma 2 and the arithmetic–geometric means’ inequality, we have∏
1≤i<j≤m
[
(x
pj
j + (1− xpii ))
1
(m−1)pj (xpii + (1− xpjj ))
1
(m−1)pj (xpii + (1− xpii ))
1
(m−1)pi −
1
(m−1)pj
]
=
∏
1≤i<j≤m

1−

xpii − xpjj
2 1(m−1)pj
=
 ∏
1≤i<j≤m

1−

xpii − xpjj
2 m2pj  2m(m−1)
≤
 ∏
1≤i<j≤m
1− 1
max

2pj
m , 1
 xpii − xpjj 2
 2m(m−1)
≤ 1− 2
m(m− 1)
−
1≤i<j≤m
1
max

2pj
m , 1
 xpii − xpjj 2 .
Combining these two inequalities gives the first bound.
Similarly, by considering (as in [4])∏
1≤i<j≤m
[
(xpii + (1− xpjj ))
1
(m−1)pi (xpij + (1− xpii ))
1
(m−1)pi (x
pj
j + (1− xpjj ))
1
(m−1)pj −
1
(m−1)pi
]
,
we get the corresponding bound with S2. 
3. The main results
We now apply Lemma 4 to get the main result. In the following theorems, one may consider the two bounds for S1 and
S2 as in Lemma 4. However, for the simplicity of presentation (especially in Theorem 2), we consider the bound for S1 only.
In the following, we denote ρ =∑mi=1 1pi .
Theorem 1. Let pj, aij (i = 1, 2, . . . , n, j = 1, 2, . . . ,m) be positive real numbers such that ρ ≥ 1. Suppose that for an integer
2 ≤ k ≤ n,∑ki=1 apjij −∑ni=k+1 apjij > 0. If the sequences {a1j, a2j, . . . , akj}, j = 1, . . . ,m, are monotonic in the same direction,
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then we have the inequality
m∏
j=1

k−
i=1
a
pj
ij −
n−
i=k+1
a
pj
ij
 1
pj
≤ min{K1, K2}
1− −1≤ℓ<j≤m 1αj

n∑
i=k+1
a
pj
ij
k∑
i=1
a
pj
ij
−
n∑
i=k+1
apℓiℓ
k∑
i=1
apℓiℓ

2
×
k−
i=1
m∏
j=1
aij −
n−
i=k+1
m∏
j=1
aij,
where αj = (m− 1)max{pj,m/2} and K1, K2 are given as in (2).
Proof. Denote Aj =
∑k
i=1 a
pj
ij
 1
pj . One then has
xj
.=

A
pj
j −
n−
i=k+1
a
pj
ij
 1
pj 
(A
pj
j )
1
pj ∈ (0, 1).
Applying Lemma 4 to xj, we have
m∏
j=1

A
pj
j −
n∑
i=k+1
a
pj
ij
A
pj
j

1
pj
+
m∏
j=1

n∑
i=k+1
a
pj
ij
A
pj
j

1
pj
≤ 1−
−
1≤ℓ<j≤m
1
(m− 1)max{pj,m/2}
×

A
pj
j −
n∑
i=k+1
a
pj
ij
A
pj
j
−
Apℓℓ −
n∑
i=k+1
apℓiℓ
Apℓℓ

2
,
which implies
m∏
j=1

A
pj
j −
n−
i=k+1
a
pj
ij
 1
pj
+
m∏
j=1

n−
i=k+1
a
pj
ij
 1
pj
≤
1− −1≤ℓ<j≤m 1(m− 1)max{pj,m/2}

n∑
i=k+1
a
pj
ij
A
pj
j
−
n∑
i=k+1
apℓiℓ
Apℓℓ

2 m∏j=1 Aj.
By Lemma 1, we have
m∏
j=1

n−
i=k+1
a
pj
ij
 1
pj
≥
n−
i=k+1
m∏
j=1
aij.
As in [5,6], one can show that
m∏
j=1
Aj ≤ min{K1, K2}
k−
i=1
m∏
j=1
aij.
Combining these together, we get the desired result. 
Remark. One can see that Theorem 1 is an improvement of (1) and, it is also a revised version of (3) when k = 1. Similar
assertion can be concluded when ρ < 1.
For ρ < 1, we have the following theorem.
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Theorem 2. If ρ < 1 and all the other assumptions in Theorem 1 hold, we have the inequality
m∏
j=1

k−
i=1
a
pj
ij −
n−
i=k+1
a
pj
ij
 1
pj
≤
1− −1≤ℓ<j≤m

1
βj
+ 1
β0

n∑
i=k+1
a
pj
ij
k∑
i=1
a
pj
ij
−
n∑
i=k+1
apℓiℓ
k∑
i=1
apℓiℓ

2
× (n− k+ 1)
1−ρ K
k1−ρ
k−
i=1
m∏
j=1
aij −
n−
i=k+1
m∏
j=1
aij,
where K = k1−(p1+···+pm+(1−ρ)−1)−1 , β0 = m2 max{ 11−ρ , m+12 }, and βj = mmax

pj, m+12

.
Proof. For aij, i = 1, 2, . . . , n, j = 1, 2, . . . ,m+ 1, which satisfy the conditions in Theorem 1, we have
m+1∏
j=1

k−
i=1
a
pj
ij −
n−
i=k+1
a
pj
ij
 1
pj
≤ min{K3, K4}
1− −1≤ℓ<j≤m+1 1βj

n∑
i=k+1
a
pj
ij
k∑
i=1
a
pj
ij
−
n∑
i=k+1
apℓiℓ
k∑
i=1
apℓiℓ

2
×
k−
i=1
m+1∏
j=1
aij −
n−
i=k+1
m+1∏
j=1
aij, (6)
where K3 = k
∑m+1
j=1 p
−1
j −min
∑m+1
j=1 pj
−1
,1

and K4 = k
∑m+1
j=1 p
−1
j −
∑m+1
j=1 min{p−1j ,1}+m.
Notice that
−
1≤ℓ<j≤m+1
1
mmax{pj, (m+ 1)/2}

n∑
i=k+1
a
pj
ij
k∑
i=1
a
pj
ij
−
n∑
i=k+1
apℓiℓ
k∑
i=1
apℓiℓ

2
=
−
1≤ℓ<j≤m
1
mmax{pj, (m+ 1)/2}

n∑
i=k+1
a
pj
ij
k∑
i=1
a
pj
ij
−
n∑
i=k+1
apℓiℓ
k∑
i=1
apℓiℓ

2
+ 1
mmax{pm+1, (m+ 1)/2}
m−
ℓ=1

n∑
i=k+1
apm+1i,m+1
k∑
i=1
apm+1i,m+1
−
n∑
i=k+1
apℓiℓ
k∑
i=1
apℓiℓ

2
and, by Lemma 3,
m−
ℓ=1

n∑
i=k+1
apm+1i,m+1
k∑
i=1
apm+1i,m+1
−
n∑
i=k+1
apℓiℓ
k∑
i=1
apℓiℓ

2
≥ 1
m
−
1≤ℓ<j≤m


n∑
i=k+1
apm+1i,m+1
k∑
i=1
apm+1i,m+1
−
n∑
i=k+1
apℓiℓ
k∑
i=1
apℓiℓ
−

n∑
i=k+1
apm+1i,m+1
k∑
i=1
apm+1i,m+1
−
n∑
i=k+1
a
pj
ij
k∑
i=1
a
pj
ij


2
≥ 1
m
−
1≤ℓ<j≤m

n∑
i=k+1
a
pj
ij
k∑
i=1
a
pj
ij
−
n∑
i=k+1
apℓiℓ
k∑
i=1
apℓiℓ

2
.
We now extend the given sequence with 1pm+1 = 1− ρ and
apm+11,m+1 = · · · = apm+1k,m+1 = 1, apm+1k+1,m+1 = · · · = apm+1n,m+1 =
k
n− k+ 1 .
1306 S. Vong / Applied Mathematics Letters 24 (2011) 1301–1307
Notice that
∑m+1
j=1 p
−1
j = 1 implies that p−1j < 1 for j = 1, 2, . . . ,m+ 1 and thus K4 = km > K3 = K .
We can now apply (6) to yield
k
n− k+ 1
1−ρ m∏
j=1

k−
i=1
a
pj
ij −
n−
i=k+1
a
pj
ij
 1
pj
≤ K
1− −1≤ℓ<j≤m
 1
βj
+ 1
m2 max

1
1−ρ ,
m+1
2



n∑
i=k+1
a
pj
ij
k∑
i=1
a
pj
ij
−
n∑
i=k+1
apℓiℓ
k∑
i=1
apℓiℓ

2 k−i=1
m∏
j=1
aij
−

k
n− k+ 1
1−ρ n−
i=k+1
m∏
j=1
aij
and the theorem follows. 
4. Comments on a recent result
As mentioned in the Introduction, one may consider refinements of an inequality in the form of (5). In [7], the following
refinement of (3) is claimed to hold.
Let p1, p2, . . . , pm be positive real numbers such that ρ = 1p1 + 1p2 + · · · + 1pm ≥ 1, and let aij > 0, a
pj
1j −
∑n
i=2 a
pj
ij >
0 (i = 1, 2, . . . , n, j = 1, 2, . . . ,m). Then for 2 ≤ r < n, one has
m∏
j=1

a
pj
1j −
n−
i=2
a
pj
ij
 1
pj
≤ R(a, p) ≤
1− 1η −1≤ℓ<j≤m

n∑
i=2
a
pj
ij
a
pj
1j
−
n∑
i=2
apℓiℓ
apℓ1ℓ

2 m∏j=1 a1j −
n−
i=2
m∏
j=1
aij, (7)
where η = (m− 1)max{p1, . . . , pm,m/2},
R(a, p) =
m∏
j=1

a
pj
1j −
r−
i=2
a
pj
ij
 1
pj
−
n−
i=r+1
m∏
j=1
aij −
m∏
j=1
a1j
η
−
1≤ℓ<j≤m

n∑
i=r+1
a
pj
ij
a
pj
1j
−
n∑
i=r+1
apℓiℓ
apℓ1ℓ

2
.
However, we find a problem in the deduction for the first inequality of this refinement. In the following, we give some
comments on this result. To clarify the problem, we briefly outline the argument given in [7].
One first notices that
m∏
j=1

a
pj
1j −
n−
i=2
a
pj
ij
 1
pj
=
m∏
j=1

M
pj
j −
n−
i=r+1
a
pj
ij
 1
pj
andM
pj
j ≥
∑n
i=r+1 a
pj
ij , whereMj =

a
pj
1j −
∑r
i=2 a
pj
ij
1/pj
.
The author in [7] then claims that the first inequality in (7) follows as a direct application of (3).
In fact, when applying (3), the sequence under consideration is {a˜ij}, i = 1, 2, . . . , 1+ n− r , j = 1, 2, . . . ,m, given by
a˜1,j = Mj, a˜2,j = ar+1,j, . . . , a˜1+n−r,j = an,j
and, instead of the desired inequality, one should only obtain:
m∏
j=1

M
pj
j −
n−
i=r+1
a
pj
ij
 1
pj
≤
m∏
j=1
Mj −
n−
i=r+1
m∏
j=1
aij −
m∏
j=1
Mj
η
−
1≤ℓ<j≤m

n∑
i=r+1
a
pj
ij
M
pj
j
−
n∑
i=r+1
apℓiℓ
Mpℓℓ

2
.
Noticing this problem, we find that (7) is not true in general. We end our comments on this result with an example such
that the inequality fails to hold.
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Example 1. For n = 3,m = 4, consider the sequence {aij} given by
a11 = a12 = a13 = a14 = 22,
a21 = a22 = a23 = a24 = 18,
a31 = a32 = a33 = 1 and a34 = 2.
With p1 = p2 = p3 = p4 = 1, one has ρ = 4 > 1, apj1j −
∑n
i=2 a
pj
ij > 0 (j = 1, 2, . . . , 4) and η = 3max{1, 1, 1, 1, 4/2} = 6.
Notice that
m∏
j=1

a
pj
1j −
n−
i=2
a
pj
ij
 1
pj
= 33 × 2 = 54.
However, for r = 2, we have
R(a, p) = 44 − 13 × 2− 22
4
6
3−
ℓ=1
4−
j=ℓ+1

a
pj
3j
a
pj
1j
− a
pℓ
3ℓ
apℓ1ℓ
2
= 254− 22
4
6
× 1+ 1+ 1
222
= 12 < 54,
which yields our assertion.
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